Abstract. We show that every radial continuous valuation V : S n 0 → R defined on the n-dimensional star bodies S 
Introduction
This note is devoted to the study of valuations on star bodies. A valuation is a function V , defined on a class of sets, with the property that V (A ∪ B) + V (A ∩ B) = V (A) + V (B).
As a generalization of the notion of measure, valuations have become a relevant area of study in Convex Geometry. In fact, this notion played a critical role in M. Dehn's solution to Hilbert's third problem, asking whether an elementary definition for volume of polytopes was possible. See, for instance, [10] , [11] and the references there included for a broad vision of the field.
In [7] , H. Hadwiger provided a characterization of continuous rotationally and translationally invariant valuations on convex bodies as linear combinations of the quermassintegrals. In [1] , S. Alesker studied the valuations on convex bodies which are only rotationally invariant.
Valuations on convex bodies belong to the Brunn-Minkowski Theory. This theory has been extended in several important ways, and in particular, to the dual Brunn-Minkowski Theory, where convex bodies, Minkowski addition and Hausdorff metric are replaced by star bodies, radial addition and radial metric, respectively. The dual Brunn-Minkowski theory, initiated in [12] , has been broadly developed and successfully applied to several areas, such as integral geometry, local theory of Banach spaces and geometric tomography (see [2] , [5] for these and other applications). In particular, it played a key role in the solution of the Busemann-Petty problem [4] , [6] , [14] . D. A. Klain initiated in [8] , [9] the study of rotationally invariant valuations on a certain class of star sets, namely those whose radial function is n-th power integrable.
In [13] , the second named author initiated the study of valuations on star bodies. In this note we continue this study showing that every continuous valuation V : S n 0 −→ R on the n-dimensional star bodies can be decomposed as the difference of two positive continuous valuations.
The precise result is Theorem 1.1. Let V : S n 0 −→ R be a radial continuous valuation on the n-dimensional star bodies S n 0 such that V ({0}) = 0. Then, there exist two radial continuous valuations V + , V − :
Moreover, if V is rotationally invariant, so are V + and V − .
With this structural result at hand, the study of continuous valuations on star bodies reduces to the simpler case of positive continuous valuations.
As an application, we can complete the main result of [13] . In that paper, positive rotationally invariant continuous valuations V on the star bodies of R n , satisfying that V ({0}) = 0 are characterized by an integral representation as in Corollary 1.2 below. The question of whether a similar description is valid for the case of real-valued (not necessarily positive or negative) continuous rotationally invariant valuations was left open. Now, Theorem 1.1 allows us to give a positive answer to this question: Corollary 1.2. Let V : S n 0 −→ R be a rotationally invariant radial continuous valuation on the n-dimensional star bodies S n 0 . Then, there exists a continuous function θ : [0, ∞) −→ R such that, for every K ∈ S n 0 ,
where ρ K is the radial function of K and m is the Lebesgue measure on S n−1 normalized so that m(S n−1 ) = 1. Conversely, let θ : R + −→ R be a continuous function. Then the application V : S n 0 −→ R given by
is a radial continuous rotationally invariant valuation.
As in [13] , the function θ in Corollary 1.2 is nothing but θ(λ) = V (λS n−1 ). The rest of the paper is structured as follows: In Section 2 we describe our notation and some known facts that we will need. In Section 3 we prove Theorem 1.1 and Corollary 1.2
Notation and known facts
A set L ⊂ R n is a star set if it contains the origin and every line through 0 that meets L does so in a (possibly degenerate) line segment. Let S n denote the set of the star sets of R n .
Given L ∈ S n , we define its radial function ρ L by
for each t ∈ R n . Clearly, radial functions are completely characterized by their restriction to S n−1 , the euclidean unit sphere in R n , so from now on we consider them defined on S n−1 . A star set L is called a star body if ρ L is continuous. Conversely, given a positive continuous function f : S n−1 −→ R + = [0, ∞) there exists a star body L f such that f is the radial function of L f . We denote by S n 0 the set of n-dimensional star bodies and we denote by C(S n−1 ) + the set of positive continuous functions on S n−1 .
Given two sets K, L ∈ S n , we define their radial sum as the star set K+L whose radial function is ρ K +ρ L . Note that K+L ∈ S n 0 whenever K, L ∈ S n 0 . The dual analog for the Hausdorff metric of convex bodies is the so called radial metric, which is defined by
where B n denotes the euclidean unit ball of R n . It is easy to check that
It is clear that a linear combination of valuations is a valuation.
Given two functions f 1 , f 2 ∈ C(S n−1 ) + , we denote their maximum and minimum by (
Given two star bodies K, L, both K ∪ L and K ∩ L are star bodies, and it is easy to see that
With this notation, a valuation V : S n 0 → R induces a functionṼ :
where L f is the star body whose radial function satisfies ρ L f = f . If V is continuous, thenṼ is continuous with respect to the · ∞ norm in C(S n−1 ) + and satisfiesṼ
for every f, g ∈ C(S n−1 ) + . Conversely, every such functionṼ induces a radial continuous valuation on S n 0 .
Given A ⊂ S n−1 , we denote the closure of A by A. Given a function f : S n−1 −→ R, we define the support of f by supp(f ) = {t ∈ S n−1 such that f (t) = 0}, and for any set G ⊂ S n−1 , we will write f ≺ G if supp(f ) ⊂ G. Throughout, 1 1 : S n−1 −→ R denotes the function constantly equal to 1.
For completeness, we state now a result of [13] which will be needed later. 
The results
To prove Theorem 1.1 we will need to control the maximum value of V on certain sets. The first step in this direction is to show that V is bounded on bounded sets:
We say that a valuation V : S n 0 −→ R is bounded on bounded sets if for every λ > 0 there exists a real number K > 0 such that, for every star body
Equivalently, V is bounded on bounded sets if for every λ > 0 there exists K > 0 such that for every f ∈ C(S n−1 ) + with f ∞ ≤ λ we haveṼ (f ) ≤ K. and proceed similarly.
Inductively, we construct two sequences (a j ), (b j ) ⊂ R + , a decreasing sequence of infinite subsets M j ⊂ N, and sequences (f j i ) i∈M j ⊂ C(S n−1 ) + such that, for every j ∈ N, |a j − b j | = λ 2 j , and for every i ∈ M j , for every t ∈ S n−1 ,
and with the property that
Passing to a further subsequence we may assume without loss of generality that, for every i ∈ N, |Ṽ (f
We thank the anonymous referee of [13] for suggesting a procedure very similar to this as an alternative reasoning to show a statement in that paper.
In the rest of this note we will repeatedly use the fact that S n−1 is a compact metric space. We will write d to denote the euclidean metric in S n−1 .
We need to define an additional concept for our next result: Given any set A ⊂ S n−1 , and ω > 0, let us consider the outer parallel band around A defined by
Note that, for every A ⊂ S n−1 and ω > 0, A ω is an open set.
In our next result we use the fact that V is bounded on bounded sets to control V on these bands. In [3] these outer parallel bands are called rims, and they are used for similar purposes to ours. Lemma 3.2. Let V : S n 0 → R be a radial continuous valuation. Let A ⊂ S n−1 be any set and λ ∈ R + .
Proof. We reason by contradiction. Suppose the result is not true. Then there exist A ⊂ S n−1 , λ ∈ R + , ǫ > 0, a sequence (ω i ) i∈N ⊂ R and a sequence (f i ) i∈N ⊂ C(S n−1 ) + such that lim i→N ω i = 0 and, for every i ∈ N,
Therefore, there exists an infinite subset I ⊂ N such that eitherṼ (f i ) > ǫ for every i ∈ I orṼ (f i ) < ǫ for every i ∈ I. So, we assume without loss of generality thatṼ (f i ) > ǫ for every i ∈ I. The caseṼ (f i ) < ǫ is totally analogous.
Consider f 1 . Using the continuity ofṼ at f 1 , we get the existence of δ > 0 such that for every g ∈ C(S n−1 ) + with f − g ∞ < δ,
Since f 1 is uniformly continuous and f 1 (t) = 0 for every t ∈ A ⊂ S n−1 \A ω 1 , there exists 0 < ρ < ω 1 such that, for every t ∈ S n−1 with d(t, A) < ρ, f 1 (t) < δ. We consider the disjoint closed sets
. By Urysohn's Lemma, we can consider a continuous function ψ 1 with ψ 1| C 1 = 0, ψ 1| C 2 = 1 and 0 ≤ ψ 1 (t) ≤ 1 for every t ∈ S n−1 . We consider now the function ψ 1 f 1 ∈ C(S n−1 ) + . On the one hand, f 1 − ψ 1 f 1 ∞ ≤ δ and, therefore,
On the other hand,
. Now, we can choose ω i 2 < ρ 2 and we can reason similarly as above with the function f i 2 .
Inductively, we construct a sequence of functions (
and that
we get a contradiction with the fact that V is bounded on bounded sets. Now we can prove Theorem 1.1.
Proof of Theorem 1.1. Let V : S n 0 −→ R be as in the hypothesis. For every f ∈ C(S n−1 ) + , we definẽ
and we consider the applicationṼ : S n 0 −→ R defined by V + (K) =Ṽ + (ρ K ). Assume for the moment that V + is a radial continuous valuation. In that case, the result follows easily:
First we note that it follows fromṼ (0) = 0 that V + ({0}) = 0 and that, for every f ∈ C(S n−1 ) + , one hasṼ + (f ) ≥ 0. Therefore, V + (K) ≥ 0 for every K ∈ S n 0 . We define next V − = V + −V . Clearly, V − is a radial continuous valuation and V − ({0}) = 0.
By the definition of V + , it follows that, for every K ∈ S n 0 , one has
In addition, if V is rotationally invariant, then clearly V + and V − are so. Therefore, we will finish if we show that V + is a radial continuous valuation. Let us prove it.
First, we see that it is a valuation. Let f 1 , f 2 ∈ C(S n−1 ) + . We have to check that
Then,
where the last inequality follows from the fact that 0
Since ǫ > 0 was arbitrary, this proves one of the inequalities in (1) . For the other one, fix again ǫ > 0. We choose 0
Let us consider the sets
Let λ = f 1 ∨ f 2 ∞ . According to Lemma 3.2, there exists ω 1 > 0 such that, for every f ≺ A ω 1 with f ∞ ≤ λ we have |Ṽ (f )| ≤ ǫ.
SinceṼ is continuous at g, there exists δ > 0 such that, |Ṽ (g)−Ṽ (g ′ )| < ǫ for every g ′ such that g − g ′ ∞ < δ. We define g ′ = (g − δ 2 ) ∨ 0. Then, for every t ∈ A, it follows that
Now, we can apply the uniform continuity of g ′ and f 1 to find ω 2 such that for every t, s ∈ S n−1 , if |t − s| < ω 2 , then |f 1 (t) − f 1 (s)| < δ/4 and |g ′ (t) − g ′ (s)| < δ/4. In particular, this implies that for every t ∈ A ω 2 , 
Again, since ǫ > 0 was arbitrary, this finishes the proof of (1).
Let us see now thatṼ + is continuous. Let us consider f 0 ∈ C(S n−1 ) + and take ǫ > 0. There exists g 0 ∈ C(S n−1 ) + with 0 ≤ g 0 ≤ f 0 such that
SinceṼ is continuous at f 0 and g 0 , there exists δ > 0 such that for every f, g ∈ C(S n−1 ) + with f 0 − f ∞ < δ and g 0 − g < δ, we have |Ṽ (f 0 ) −Ṽ (f )| < ǫ and |Ṽ (g 0 ) −Ṽ (g)| < ǫ.
Let now f ∈ C(S n−1 ) + be such that f 0 − f ∞ < δ. Pick g ∈ C(S n−1 ) + with 0 ≤ g ≤ f such thatṼ + (f ) ≤Ṽ (g) + ǫ.
Note that g 0 ∧ f − g 0 < δ and g ∨ f 0 − f 0 < δ. Then, we havẽ
Hence,
andṼ + is continuous as claimed.
Remark 3.3. The same proof shows that every continuous "valuation"Ṽ : C(K) −→ R, where K is a metrizable compact space, can be written as a difference of two positive continuous valuations.
The proof of Corollary 1.2 is now immediate.
Proof of Corollary 1.2. Let V : S n 0 −→ R be a rotationally invariant radial continuous valuation. We decompose it as V = V + − V − as in Theorem 1.1. According to [13, Theorem 1.1], there exist two continuous functions θ + , θ − : [0, ∞) −→ R such that, for every K ∈ S n 0 ,
We define now θ = θ + − θ − and the first part of the result follows. The converse statement had already been proved in [13, Theorem 1.1] (for that implication, the positivity is not needed).
